Abstract. A previous paper by the author describes the Howe correspondence for dual pairs of the form (U (p, q) , U(r, s)) with p + q = r + s, in terms of Langlands parameters. We extend these results to the case p + q = r + s + 1.
Introduction
Let (G, G ) be a reductive dual pair in Sp = Sp(2n, R), and let ω be the oscillator representation of the connected two-fold cover Sp of Sp. If G and G are the inverse images of G and G in Sp by the covering map and π and π are irreducible admissible representations of G and G , we say that π corresponds to π if (on the level of Harish-Chandra modules) π ⊗ π may be realized as a quotient of ω. Howe [H] proved that this correspondence defines a bijection between subsets of the genuine admissible duals of G and G . In an earlier paper [P1] we consider dual pairs of the form U (p, q), U(r, s) with p + q = r + s and determine the Howe correspondence explicitly, in terms of Langlands parameters. In this paper, we do the same for the case p + q = r + s + 1.
Only genuine representations of the two-fold covers U (p, q) and U (r, s) (those which do not factor to U (p, q) and U (r, s)) occur in the correspondence. These covers depend only on the parity of the rank of the opposite member of the dual pair. Fix p and q, and let U (p, q) be the two-fold cover for U (p, q) a member of any dual pair U (p, q), U(r, s) with r + s + 1 = p + q. If π ∈ U (p, q) genuine corresponds to π ∈ U (r, s) genuine , we write θ r,s (π) = π (the theta-lift of π). If π does not occur in the correspondence, we write θ r,s (π) = 0.
As in the equal rank case, we start with J.-S. Li's results on the correspondence of discrete series [L] and make extensive use of the induction principle ( [K] , [AB] ) to determine the correspondence in general. This principle establishes that the Howe correspondence commutes with parabolic induction. Li found that every discrete series of U (p, q) whose Harish-Chandra parameter (in some obvious parametrization) contains 0 as one of its entries lifts to a discrete series of a certain U (r, s) of rank p + q − 1. Starting from this result and using the induction principle and parabolic induction we show that a limit of discrete series with an odd number of 0's in its parameter (see Definition 3.1) lifts to a limit of discrete series (with an even number of 0's) of some U (r, s) of rank p + q − 1. By persistence (Kudla) , this representation will also lift to a limit of discrete series (even number of 0's) of U(r + 1, s + 1). By switching the roles of U (p, q) and U(r + 1, s + 1) we now get the full correspondence for limits of discrete series. The general case then follows using the induction principle once more. In particular, we prove the following result. We give a precise condition in terms of the inducing data for the cases (a) and (b) in the theorem, and we identify the theta-lifts explicitly. This result gives additional evidence for the truth of the following conjecture on first occurrence (see also [KR] ) which we prove in [P2] for a large family of representations including the discrete series. An important tool for determining the correspondence for a dual pair (G, G ) is the correspondence of K-and K -types (K, K are maximal compact subgroups of G, G ) in the space of joint harmonics [H] , which is subordinated to the dual pair correspondence. Howe assigns to each K-type a nonnegative integer, the degree, and there is the following relationship between the two correspondences. Proposition 1.3 (Howe) . Suppose π corresponds to π in the correspondence for (G, G ), and µ is a K-type of minimal degree in π. Then µ occurs in the space of joint harmonics and corresponds to a K -type µ of minimal degree in π .
Conjecture 1.2. Let π be a genuine irreducible representation of a two-fold cover
The correspondence in the space of joint harmonics for dual pairs of the form U (p, q), U(r, s) is given in Lemma 1.4.5 of [P1] . In the equal rank case we found a nice compatibility between this minimality of Howe degree and the minimality of a K-type in the sense of Vogan. To a large extent, this compatibility extends to the present case. In particular, the correspondence for these dual pairs satisfies the following properties. 
Preliminaries
For the remainder of this paper, all two-fold covers of the form U(p, q) will be those determined by the dual pairs U (p, q), U(r, s) with p + q = r + s + 1. Fix nonnegative integers p and q. Let g be the complexified Lie algebra of U (p, q), K a maximal compact subgroup, and t 0 a Cartan subalgebra of the Lie algebra k 0 of K. The compact roots in ∆(g, t) are (with obvious notation)
We fix a positive system of compact roots ∆ + c by requiring i < j. The noncompact roots are {±(
Langlands parameters of genuine irreducible admissible representations of U(p, q) are described in [P1] (see also [V] ). Recall that every such representation may be realized as the unique irreducible quotient of a standard representation
t for some t, ρ is a genuine limit of discrete series representation of U(p − t, q − t), and χ is a character of (C × ) t . Genuine limit of discrete series representations are parametrized by pairs (λ, Ψ), where λ ∈ it * 0 is of the form The term K-type will always refer to an equivalence class of irreducible representations of a maximal compact subgroup of the group under consideration. In addition, we will use the following Notation 2.2. (a) For n a positive integer, let µ = (µ 1 , µ 2 , . . . , µ n ) be an n-tuple of integers, and ν = (ν 1 , ν 2 , . . . , ν n ) an n-tuple of complex numbers. Then χ(µ, ν) is the character of (C × ) n given by
We are using normalized induction. Notice that the composition series of I (p, q, k, ρ, µ, ν) is uniquely defined.
In this paper, we will use many of the results of [P1] and some of [P2] . In the interest of brevity we only restate two of them here.
Since U(p, q) and U (q, p) are naturally isomorphic, any π ∈ U (p, q) genuine may be considered in a natural way as a representation of U (q, p). The behavior of the Howe correspondence with respect to this identification is given by the following result from [P1] . a 1 , a 2 , . . . , a k 
We define the representation Γπ of U r(λ, Ψ), s(λ, Ψ) to be the limit of discrete series representation with the parameters Γλ, ΓΨ) given by Γλ = (a 1 , a 2 , . . . , a k 
and ΓΨ the unique system of positive roots satisfying the conditions following (2.1) and
We are now ready to state our main result. (a 1 , . . . , a k , 0, d 1 , . . . , d n ; c 1 , . . . , c m , b 1 , . . . , b l ), a 1 , . . . , a k , d 1 , . . . , d n ; c 1 , . . . , c m , 0, b 1 , . . . , b l ), Ψ i is the unique system of positive roots for λ i such that ΓΨ i = Ψ, and ρ i the limit of discrete series representation of U(r i − t, s i − t) with parameters (λ i , Ψ i ).
Theorem 3.4 (Main Theorem). Let π be a genuine irreducible representation of U(p, q). Realize π as the unique irreducible quotient of a standard representation I(p, q, t, ρ, µ, ν) as in Chapter 3 of [P1]. Let (λ, Ψ) be the parameters of the genuine limit of discrete series representation ρ of U(p − t, q − t), and write λ as in (3.2). (a) If λ satisfies (3.3), let r = r(λ, Ψ) + t and s = s(λ, Ψ) + t. Then θ r,s (π) is the unique lowest K-type constituent of the standard representation I(r, s, t,
Proof. The proof of Theorem 3.4 is similar to the proof of Theorem 6.1 of [P1] . We outline the main steps.
First notice that by Proposition 2.4, any representation π of U (p, q) may lift to at most one unitary group of rank p + q − 1. Also, (c) will follow from (a) since ρ = Γρ i , r = r(λ i , Ψ i ) + t, and s = s(λ i , Ψ i ) + t. Since in this case π occurs as the theta lift of representations of two different unitary groups which are both of rank p + q + 1, part (b) will follow using Proposition 2.4. It remains to prove the first part of (a).
If π is a discrete series representation, then this follows from Theorem 6.2 of [L] . Now assume that π is a limit of discrete series representation with parameters (λ, Ψ) as in Definition 3.1, and consider first the case that |z −w| = 1. By symmetry (Proposition 2.3) we may assume that z = w + 1. Then π may be realized as a summand of a standard representation I (p, q, t , ρ, µ, 0) as in Lemma 3.2.6 of [P1] , where ρ is a discrete series representation with Harish-Chandra parameter λ d of the form
and e + f = s − t . By Theorem 6.2 of [L] , θ r−t ,s−t (ρ) is the discrete series representation ρ of U (r − t , s − t ) with Harish-Chandra parameter
Using the induction principle (Theorem 4.5.5 of [P1] ) we know there is a nonzero
Here P = M N and P = M N are parabolic subgroups of U (p, q) and U (r, s) with
respectively, and σ µ,0 is the irreducible representation of GL(t , C) associated to the parameters (µ, 0) as in Lemma 5.2.6 of [P1] . The lowest U (t )-type δ of this representation has a highest weight which is Weyl group conjugate to µ. Since the induced representations in (3.6) are tempered, they are independent of the choice of N and N , and equivalent to I (p, q, t , ρ, µ, 0) and I(r, s, t , ρ , µ, 0) respectively. It is easy to see that Γπ is a summand of the second of these standard representations. To prove that θ r,s (π) = Γπ, we now show that γ ⊗ γ is in the image of the map (3.6), where γ and γ are the lowest K-types of π and Γπ respectively. (Recall that they have multiplicity one in the standard representations.) Using Theorem 4.6.6 of [P1] , this now follows from Lemma 5.4.4 of [P1] , and Proposition 3.7 and Lemma 3.10 below. Proof. By symmetry (Proposition 2.3) it is sufficient to consider the case z > w or e k+1 − f m+1 ∈ Ψ so that z ≥ w. Let λ = Γλ and Ψ = ΓΨ. The highest weight of γ is given by Λ = λ + ρ n − ρ c , where ρ n and ρ c are one half the sums of the noncompact and compact roots in Ψ respectively. Similarly, Λ = λ + ρ n − ρ c is the highest weight of γ , with ρ n and ρ c defined analogously. Write λ as in (3.2). Let
Similarly, (3.9a) with The proof of the fact that γ is of minimal degree in π is similar to the proofs of the analogous facts in Proposition 5.1.4. of [P1] and Lemma 4.2 of [P2] .
The case z = w, with u = w, v = w − 1 and r − s = k + n + 1 − m − l is similar.
Lemma 3.10. In the setting of (3.6), let η be the minimal K-type of the discrete series representation ρ. The restriction of γ to
Proof. It is straightforward to see that the highest weight of η ⊗ δ is obtained by restricting the highest weight of γ, which implies the first part of the lemma. The equality of degrees then follows as in Lemma 5.2.8 of [P1] . By Proposition 3.7, η is of minimal degree in ρ for the dual pair (U (p − t , q − t ), U(r − t , s − t )), and δ is of minimal degree in σ µ,0 for the dual pair (GL(t , C), GL(t , C)) by Lemma 4.1 of [AB] . It follows that η ⊗ δ is of minimal degree in ρ ⊗ σ µ,0 . Now assume that z = w ≥ 1, and consider the representation π = Γπ of U (r, s). Notice that this representation is a limit of discrete series representation of the form considered above, so that we know that θ p−1,q−1 (π ) = Γπ . By Theorem 4.5.5 of [P1] , θ p,q (π ) is a constituent of I(p, q, 1, Γπ , 0, 0). This representation is a sum of limit of discrete series representations, one of which is easily seen to be π. The fact that θ p,q (π ) = π now follows using Proposition 3.7.
For the general case assume that π is realized as the unique irreducible quotient of a standard representation I (p, q, t, ρ, µ, ν) as in the statement of the theorem, with ρ = ρ(λ, Ψ) a genuine limit of discrete series representation of U (p−t, q−t) satisfying (3.3). One can easily check using the conditions in [V] that I(r, s, t, Γρ, µ, ν) has a unique lowest K-type constituent π as well. Since ρ corresponds to Γρ in the correspondence for the dual pair U (p−t, q−t), U(r−t, s−t) (by the first part of the proof), Theorem 4.5.5 of [P1] implies that for some parabolic subgroups P = M N and
The representations π and π are the unique lowest K-type constituents of the induced representations in (3.11). (Recall that I(r, s, t, Γρ, µ, ν) and I (r, s, t, Γρ, µ, −ν) have the same composition series.) Moreover, we can arrange that either of these constituents is a quotient of the respective induced representation (see the proof of Theorem 6.1 of [P1] ). In order to complete the proof of Theorem 3.4, we will show that there are lowest K-types η and η of π and π (necessarily with multiplicity one in the induced representations) which correspond in the space of joint harmonics and such that η ⊗ η is in the image of the map (3.11). Using Theorem 4.6.6 of [P1] , this follows from Proposition 3.12 and Lemma 3.14 below.
Proposition 3.12. In the setting of Theorem 3.4, assume the parameter λ of ρ is of the form (3.2) with |w − z| = 1. Let η be a lowest K-type of I = I(p, q, t, ρ, µ, ν) . Then η is of minimal degree in I and harmonic for the dual pairs U (p, q), U(r, s) and U (p, q), U(r + 1, s + 1) . The K-types η and η which correspond to η in the respective spaces of joint harmonics for these dual pairs have the same Vogan norm as the lowest K-types of I(r, s, t, Γρ, µ, ν) and I(r + 1, s + 1, t, ρ , µ, ν), where ρ is the (unique) limit of discrete series representation of U (r + 1 − t, s + 1 − t) with Γρ = ρ.
Proof. Similar to the proofs of Proposition 5.1.4 and Lemma 5.3.1 of [P1] . We omit the details.
Remark 3.13. It is also true that every lowest K-type of I(r + 1, s + 1, t, ρ , µ, ν) is of minimal degree and corresponds to a lowest K-type of I in the space of joint harmonics for the dual pair U (r + 1, s + 1), U(p, q) (see Proposition 1.4).
